We report theoretical and experimental studies of the propagation of a square-modulated laser pulse through a laser-cooled atomic ensemble of two-level absorbers, as well as through a three-level system with electromagnetically induced transparency. We find that the transmission characteristics over a wide range of optical depth can be fully accounted for as optical coherent transients excited by the wide spectral content of the square-modulated optical pulse. We show that both time-domain atom-field coupled equations and frequency-domain linear dispersion theory give precisely the same description of the optical transients at a weak power limit. At low optical depth with moderate absorption, resonant excitation dominates and free-induction decay (FID) contributes mostly to the transient field. At high optical depth when absorption and propagation effects become significant, lossless optical precursors start to dominate the transient response. By varying the optical depth from 0 to 45, we observe that optical transients evolve gradually from FID to optical precursors. We thus show that FID and optical precursors, which have been considered as two different optical transients for many decades, can be unified within a single theoretical frame and they are the manifestations of the same physical process in two different regimes.
I. INTRODUCTION
The interaction of radiation with matter is at the heart of the research field of atomic, molecular, and optical physics, with the radiation field described by Maxwell's wave equation and the matter system described by quantum mechanics, coupled through the electromagnetic (EM) interaction. From early times on, rather than seeking a general solution, various approximations have been applied as appropriate to the physical system at hand. The theory of EM wave propagation in matter was developed around 1900 based on approximating the material system as a collection of linear oscillators [1] . With the material part approximated by a dispersive linear response function, the Maxwell wave equation can be solved. Further, with the Fourier technique (and within this linear approximation), both steady-state and transient propagating solutions can be obtained. Along this line, the concept of optical precursors emerged from the theoretical study of Sommerfeld and Brillouin on causality in EM wave propagation in dispersive media near resonance in 1914 [2, 3] . They concluded that for a sufficiently fast input pulse, a transient forerunner, now known as Sommerfeld-Brillouin (SB) precursor, travels with the velocity of light in vacuum, followed by the main pulse traveling at group velocity. Optical precursors have been studied extensively both theoretically [4] [5] [6] [7] [8] [9] and experimentally [10] [11] [12] [13] [14] . Precursor behaviors have been reported in γ rays [15] , microwaves [16] , sound [17, 18] , optical waves [10] [11] [12] , and single-photon correlations [13, 14] . However, in these previous experiments, while the observed features are in qualitative agreement with theory, those data were rather limited in both scope and precision, far below what is required to compare with theoretical predictions. Because of the lack of a clear signature, some researchers do not * dusw@ust.hk believe that optical precursors have been observed [19] [20] [21] . Most recently, making use of electromagnetically induced transparency (EIT) and the slow-light effect [22, 23] in cold atoms with high optical depth, we successfully generated and separated the optical precursor from a delayed main field [24] .
On the other hand, the phenomena of optical nutation and free-induction decay (FID) were studied extensively in the early days after the invention of the laser [25] [26] [27] [28] [29] [30] , probably because of the realization that the equations governing such a system are formally equivalent to the well-studied spinresonance Bloch equation [31, 32] . Recently, optical FID with long coherence time generated using cold atoms has been reported [33, 34] . Measuring these optical coherent transients in the time domain has become an important approach in studying atomic and molecular spectroscopy which are complementary to those made in the frequency domain [35] .
However, the two phenomena, optical precursors and FID, have generally been regarded as two separate effects in the past decades. There have been many attempts to unify the concepts of optical precursors and coherent transients. Avenel et al. [36] have pointed out that Crisp's coherent optical transients of 0π pulse [37] can be explained in terms of optical precursors, but without mathematical justification. Recently, Jeong andÖsterberg showed that precursors and 0π pulses can be unified [38] . Later, LeFew et al. provided an accurate description of optical precursors and their relation to coherent optical transients and theoretically proved that Crisp's 0π pulses are indeed optical precursors [9] . In this article, we report a detailed experimental and theoretical investigation of the propagation of a square-modulated laser pulse through a laser-cooled atomic ensemble in a two-level system as well as in a three-level system with EIT. The data obtained over a wide range of optical depth (from 0 up 45) show that at low optical depth, the transmitted wave can be described as FID and at high optical depth as optical precursors. We show that our data at low optical power limit can be fully accounted for by theories of time-domain atom-field coupled equations, as well as the frequency-domain linear dispersion approach.
The article is organized as follows: In Sec. II, we provide a general theoretical formalism to describe optical coherent transients in the time and frequency domains. Section III describes the experiment, from the experimental setup (Sec. III A) to observation of FID at low optical depth (Sec. III B) and optical precursors at high optical depth (Sec. III C). In Sec. III D, we report the observation of the evolution from FID to precursor by varying the optical depth. At last we give our conclusion in Sec. IV.
II. GENERAL THEORETICAL FORMALISM
The theoretical frameworks that have been used to describe optical FID and precursors appear to be quite different, which is natural because the two phenomena occur under very different conditions of optical thickness and excitation strength. FID focuses on the study of atomic dynamics, aiming for a deeper understanding of quantum interaction between light and matter. The theoretical description of these optical phenomena naturally followed the optical Bloch equations [32] , where the focus is on the time-dependent phase coherence of the two states excited by the radiation. Linear approximation is not made and the theory is valid for strong fields. The result is particularly simple for optically thin samples when propagation effects can be neglected. On the other side, the study of propagation patterns of the wave, SB precursors, aims for insights in nonviolation of causality. Due to this difference in focus, the relation between FID and precursors remains unclear, and they are generally regarded as two unrelated optical transient effects occurring in very different physical regimes. With the advent of cold atom traps and tunable diode lasers, we now have a single physical system with parameters that can be widely tuned to cover both physical regimes. In the following we give a detailed account of the calculations we have done using two different theoretical approaches. We show that these two types of coherent transients can be unified within a single theoretical frame and they are the manifestations of the same physical process in two different regimes.
A. Time-domain atom-field coupled equations
Optical field propagation is governed by Maxwell's equations coupled with light-matter interactions. In this article, we consider an optical pulse passing through an EIT three-level system as shown in Fig. 1 . A continuous-wave (cw) coupling laser (ω c ) is applied on resonance to the transition |2 → |3 and render the medium transparent for otherwise absorption resonance transition |1 → |3 . A probe laser pulse with a carrier angular frequency ω p is applied to the transition |1 → |3 with a detuning of ω p = ω p − ω 31 . We describe the probe laser (real) field with the following notation:
where governed by the following master equations in the rotating reference frame:
where ρ ij = i|ρ|j is the atomic density matrix element and we have applied the relation ρ ji = ρ * ij ; p (z, t) = E p (z, t)µ 31 /h is the complex Rabi frequency of the probe laser; c = E c µ 32 /h is the coupling laser Rabi frequency, where the constant E c is the electric field envelope of the cw coupling laser; µ ij is the electric dipole matrix element; and γ ij is the dephasing rate between |i and |j . The population decay rate from |3 to |1 and |2 are 31 Under the slowly varying envelope approximation (SVEA), the probe laser propagation can be described by a reduced wave equation,
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where P (z, t) = 2Nµ 13 ρ 31 (z, t) is the induced electric dipole moment complex envelope in the probe transition with atomic density N .
One can obtain the probe field output by solving Eqs. (2)- (4) under the initial and boundary conditionŝ ρ(z, t = 0) = |1 1| and E p (z = 0, t) = E 0 (t). The configuration shown in Fig. 1 allows us to study both EIT and two-level systems in a wide parameter space. In this article, we will use these equations to numerically simulate both FID and optical precursors.
The preceding three-level atom-field coupled equations in time-space domain are generally nonlinear and can only be solved numerically. However, in a medium of two-level atoms, the nonlinear responses, such as saturation and nutation effects, can be solved using the well-known vector model under the adiabatic-following approximation [39, 40] . To explore the physics behind the preceding equations, in the following, we discuss FID excited by a weak step-modulated probe pulse through a two-level system at low optical depth. An ideal step-on (-off) pulse envelope with amplitude E 0 can be described by a heaviside function E 0± (t) = E 0 (±t), where "+" denotes the step-on pulse with a rising edge and "−" for the step-off pulse with a falling edge.
At first, we consider the step-off case E 0 (−t). When the probe field is sufficiently weak, almost all the atomic population is at the ground state |1 ; that is, W 31 −1. Under this approximation, from Eq. (3) we obtain an evolution equation for ρ 31 :
At t = 0, the steady-state value of ρ 31 can be solved from ∂ρ 31 /∂t = 0:
For t > 0, we turn off the external probe laser field and set Eq. (6) as the initial condition. Solving Eq. (5), we obtain
and the complex envelope of electric polarization,
where α 0 = 2Nk p0 |µ 13 | 2 /(ε 0h 3 ) is the on-resonance absorption coefficient. Therefore, after the external probe laser is switched off, the induced atomic electric dipoles do not disappear immediately. The exponential decay is caused by the dephasing process. The FID field at the medium output surface (z = L) results from the coherent radiation of the freely decayed electric dipole. At low optical depth, the induced electric dipoles (envelope) are spatially in phase and their propagation effect can be ignored. In this case, the probe laser field can be approximated as E p (z, t > 0) E FID (z, t), where the FID field satisfies
which gives the solution of the FID field envelope at the output
This is the electric field envelope of FID after the probing beam is suddenly removed. The decay term e −γ 13 t is intrinsic to the atomic system itself. At the limit of α 0 L 1, Eq. (10) gives us a good approximation to the induced electric field because nearly no absorption occurs. In this limit, the field amplitude of FID is proportional to the optical depth α 0 L due to the collective enhancement. To take into account the finite absorption, Eq. (10) can be more precisely given by multiplying a factor of e
The physics picture of the factor e −α 0 L/4 is clear: On average, the FID field experiences half of the absorption length because and we can consider that the induced electric dipole is effectively located at the center of the medium. With ω p = ω p − ω 31 , the central optical frequency of the FID field after the falling edge is always on atomic resonance (ω 31 ) for a weak power excitation and does not depend on the frequency of the driving field.
For the step-on pulse with a rising edge E 0+ (t) = E 0 (t), with the the relation (t) = 1 − (−t), we obtain the output field
The first term is the steady-state value, and the second is the same as the FID field from a step-off pulse but with an opposite sign. Therefore, at the rising edge, when the absorption is not significant, there is interference between the FID and the steady-state carrier field. The preceding approximations are valid for optical coherent transients excited by a weak step-modulated optical pulse in an optically thin medium where the FID signal reveals the revolution of the induced electric dipole. When the optical depth (α 0 L) is large, the propagation effect cannot be ignored.
B. Frequency-domain linear dispersion theory
When the probe laser is sufficiently weak, the atomic population remains mostly in the ground state |1 . Under such a ground-state approximation, the excitation from the Fourier frequency components of the probe pulse can be treated independently and nonlinear wave mixing between them can be ignored in the first-order perturbation theory. In this section, with frequency-domain linear dispersion approach, we will show that both FID and the optical precursor can be derived from the same Fourier integral.
The input probe pulse (field envelope) E 0 (t) at z = 0 can be decomposed in to a continuous spectrum in the Fourier frequency domain:
033844-3
Here ω should be understood as the deviation from the probe carrier angular frequency. Under the condition of weak probe power and ground-state approximation, the atom-field coupled equations (2)- (4) in Sec. II can be linearized in the frequency domain. Solving the linearized Eq. (2) using the Fourier transform, the induced electric dipole in the frequency domain at the probe transition is then determined by the following linear relation [23] :
The EIT linear susceptibility (complex) can be obtained as
.
As we turn off the coupling laser, that is, c = 0, Eq. (15) reduces to that of a two-level system:
Then the propagation of the weak probe field envelope is given by the integral
where
L is the medium linear transfer function. Now we derive the FID from the frequency-domain linear dispersion theory. At low optical depth, we approximate the medium transfer function as
which connects to its impulse response from a two-level system in time domain,
With the input step-off pulse E 0− (t) = E 0 (−t), the total field output can be obtained from a convolution:
The first term is the steady-state value before the external field is turned off (t < 0), and the second term is the same as the FID field in Eq. (10) . Therefore, in the viewpoint of frequency domain, FID is indeed a linear effect excited by a weak step pulse passing through the medium. At high optical depth, the approximation (18) cannot be applied. In this regime, the near-and on-resonance frequency components are heavily absorbed and the precursor behavior dominates the transient response. The theory of optical precursors was initiated by Sommerfeld and Brillouin in 1914 to study the causality of pulse propagation in a classical Lorentz dielectric material consisting of a collection of linear oscillators [2] . It has been well known that the linear optical properties of the classical Lorentz oscillator model are identical to those of the two-level system in quantum mechanics [41] . When the probe laser detuning is large ( p + ω c ) or the coupling laser is off ( c = 0), the EIT linear susceptibility (15) reduces to Eq. (16) of the two-level system. It can be shown that, in the optical regime of our interest, taking the valid approximation 31 (where ω ω p is the probe envelope spectrum, and ω p = ω 31 + ω p ), the linear susceptibility in Eq. (16) of the two-level system is equivalent to the Lorentz form,
where pl = √ 2α 0 cγ 13 is the effective plasma frequency. Therefore, our system is suitable for testing the Sommerfeld and Brillouin precursor theory.
We take the stationary phase method [42] to explain the physics of precursors. With the phase
iφ is oscillatory at high optical depth because the phase φ changes rapidly as the frequency changes. Therefore, the dominant contribution to the integral occurs at the stationary-phase frequencies ω d , where
that is, the dominant contribution of the field at time t are the frequency components arriving at the time t equal to their group delay. At time t = L/c, when the rising edge occurs, the infinite far-off-resonance frequencies contribute the most because they are not coupled to the atoms and travel at the speed of light in vacuum c. This "forerunner" transient wave following the leading edge is called a "precursor." In general, with loss present, the phase φ becomes a complex function and the stationary phase approximation is extended to the modern asymptotic method [4] . H. Jeong and S. Du developed a hybrid-asymptotic analysis to describe the precursor field and the main signal through an EIT system [7] . The main idea was to divide the pulse response into two spectral ranges and treat them separately. In the far-off-resonance regime, the precursor is derived using asymptotic analysis. In the central narrow EIT window, the main field is obtained using an impulse-response method to avoid the singularity. Similar treatment can also be found in Ref. [8] .
For simplification, we consider here the probe laser is on resonance ( ω p = 0). Given the step-on or step-off input pulse, E 0 (t) = E 0 (±t), following the asymptotic analysis used in Refs. [7] [8] [9] 15, 17] , one can obtain an analytical expression for the SB precursor [24] ,
where τ = t − L/c. Now we turn to the on-resonance main field. For a two-level system, the main field is absorbed at high optical depth. For an EIT system, the delayed main field cannot be obtained using the same asymptotic method [7, 14] . When the ground-state dephasing is negligible (γ 12 ≈ 0 or | c | 
, and erf is the error function. In most cases, the effect from the Airy function is small and the main field can be approximated as [24] 
Then the total output field can be obtained by
In the past, FID and optical precursors have been considered as two different type of coherent transients. In the time domain, their connection is not obvious, while in the frequency domain, the linear dispersion theory provides more insights in weak probe pulse propagation through the atomic medium. Figure 2 shows the intensity transmission profiles |H (ω)| 2 for both two-level and EIT systems. As we know, the field is strongly interacted with the atoms at their absorption resonances. For the two-level system, there is one absorption resonance, as shown in Fig. 2(a) . For the EIT system in Fig. 2(b) , there are two absorption resonances separated by about c and one transparency window between them around single-photon resonance ω = 0. The dashed lines represent the spectrum of a step-modulated pulse with on-resonance carrier frequency (ω p = ω 31 ). At low optical depth (α 0 L), when the absorption is not significant, the on-absorption-resonance frequency components dominate. These frequency components strongly coupled to the atomic system contribute to the FID signal and dominate the optical transient response at low optical depth. At high optical depth when the on-absorption-resonance frequency components are absorbed, optical precursors start to be formed from the lossless far-detnuned frequency components that propagate nearly at the speed of light in vacuum c. In this case, the optical transients are dominated by optical precursors. In the two-level system, the main field is absorbed and the precursors "precede" nothing, while in the EIT system, the main field lying in the narrow transparency window is delayed due to the slow-light effect, and thus it is possible to separate the optical precursors completely from the main field [24] . For both the two extreme regimes, we have obtained analytic solutions. For the intermediate regime, we can solve the equations numerically.
We have numerically verified that, in the weak-probe-power cases, both time-domain atom-field coupled equations and frequency-domain linear dispersion theory give equivalent and precise description for optical transients in a wide parameter space, in both the EIT and the two-level systems. When the probe power becomes higher, in general, the atomic system becomes nonlinear and the frequency-domain linear dispersion theory does not work.
III. EXPERIMENT

A. Experimental setup
We work with cold 85 Rb atoms in a two-dimensional (2D) magneto-optical trap (MOT). The 2D quadruple magnetic field has a transverse gradient of 10 G/cm. The experiment is run periodically with 4.5 ms MOT time followed by a 0.5-ms measurement window. Just before the end of the MOT time, the repump laser is turned off 0.3 ms before the trapping laser to prepare all the atoms in the ground level |1 . The atomic cloud in the 2D MOT, with a temperature of about 100 µK, has a length of about L = 1.5 cm and transverse diameter of 0.5 mm. Figure 3 shows the experiment configuration for measuring FID and optical precursors. We take |1 = |5S 1/2 , F = 2 , The groundstate dephasing rate is measured to be γ 12 = 0.01γ 13 . Both coupling and probe laser beams are directed and split from a single laser operated at the 85 Rb D 1 line (795 nm). The laser is locked to the cross-over of the transitions |5S 1/2 , F = 3 → |5P 1/2 , F = 3 and |5S 1/2 , F = 3 → |5P 1/2 , F = 2 using Doppler-free saturation absorption spectropy. After a beam splitter, the beam with main laser power passes through a 181-MHz acousto-optic modulator (AOM) and the +1 order serves as the coupling laser that is on resonance with the transition |2 → |3 . The probe laser is directed from a highfrequency AOM (Brimrose) with a central frequency of about 3 GHz. We can vary the AOM central frequency to change the probe laser detuning. This configuration eliminates the relative phase-frequency noise in the EIT two-photon transition. Both coupling and probe lasers are identically circularly polarized (σ + ) to optimize the EIT effect due to the multi-Zeeman-state effect. The weak probe laser pulse, after propagating through the MOT, is detected by a photon-multiplier tube (PMT, Hamamatsu, H6780-20) and recorded by a 1-GHz high-speed digital scope (Tektronix, TDS684B). To avoid entering into the PMT, the coupling beam was slightly deviated from the probe beam by 2
• . The measured optical depth (α 0 L) of the on-resonance probe transition can be varied from 0 to 45.
We use the 3-GHz AOM to generate a square pulse with a length of 2 µs. Such a square-modulated pulse with sufficient length allows us study optical transients at both rising and falling edges in a single shot. In Sec. II, we have theoretically investigated optical transients induced by ideal step pulses. However, in experiment, the square pulses generated by the AOM have a finite rise and fall time of 7 ns. To simplify the theoretical analysis and numerical simulation, we model a real step pulse by turning on (off) the field amplitude linearly in the finite rise (fall) time t. Therefore, a real square square pulse with a length T = 2 µs and rise (fall) time t = 7 ns can be mathematically expressed as a convolution of two ideal square functions:
The unit square function is defined as (t, t 1 ) = 1 for t ∈ [0, t 1 ] and otherwise zero. The rise (fall) time of 7 ns is fast enough compared to the atomic dephasing time 1/(2γ 13 ) = 26.5 ns that determines the transient field duration. A typical measured square pulse (circular points) is shown in Fig. 4(a) . In the following sections for the comparison between theory and experiment, Eq. (26) will be used as the input pulse envelopeblue solid line in Fig. 4 (a)-for numerical simulation. In the linear regime, both time-and frequency-domain approaches give identical results. For high-probe-power case where the frequency-domain linear dispersion theory does not work, we will solve the time-domain atom-field coupled equations numerically. (c3) is an enlarged view of (c1). The black circles are experimental data. The blue solid lines are theoretical curves obtained from Eq. (17) using FFT or solving the coupled Eqs. (2) and (4).
B. Free-induction decay at low optical depth
We start measuring FID optical coherent transients excited by the weak square probe pulse ( p = 0.07γ 13 ) in the twolevel system at low optical depth.
Figures 4(b1) and 4(b2) show FID signals at both rising and falling edges when the probe laser is on atomic resonance ( ω p = 0). As expected from Eq. (10), after the falling edge, the FID intensity signal decays exponentially with a time constant of 1/(2γ 13 ) = 26.5 ns. The blue solid lines, numerically calculated from Eq. (17) using fast-Fourier transform (FFT) by taking Eq. (26) as the input pulse, agree with the experimental data very well. As already verified in Sec. II, these theoretical curves are identical to those obtained from the time-domain coupled Eqs. (2) and (4) a result, at the rising edge, the transient signal has a much higher peak value and longer decay time constant. Figures 4(c) are results for the probe laser with off-resonance carrier frequency ( ω p = 2π × 20 MHz). Because the FID intensity signal is proportional to | ω p + iγ 13 | −2 , it is too weak to be detected at the falling edge. However, at the rising edge, the FID signal is observable due to its beating with the probe carrier frequency, shown in Fig. 4(c3) . The damped oscillation period, precisely determined by 2π/ ω p = 50 ns, confirms that the FID frequency in the weak probe case is always on atomic resonance, shown in Eq. (10). Our direct measurement of FID from a weak probe pulse clearly shows that FID can be a transient response from the linear propagation. Although the optical frequency of the FID field can be significantly different from the initial driving probe field, it is a coherent linear propagation effect, but not a spontaneous emission [43] .
As we increase the probe laser power, the system becomes nonlinear. In this case, we can not apply the frequency-domain linear dispersion theory, but must solve the time-domain atom-field coupled equations (2) and (4) numerically. Figure 5 shows a comparison of the normalized optical transients with low and high probe powers at α 0 L = 3 and ω p = 0. There are two effects observed here. The first is the slow increase of the probe main field during the 2-µs window due to the pumping effect because the atoms slowly leak to the ground state |2 . The second is the FID peak at the falling edge becomes smaller due to the pumping and saturation effects. The off-resonance results ( ω p = 2π × 8 MHz) are shown in Fig. 6 . The theoretical curves (blue solid lines) agree with the experimental data perfectly.
C. Optical precursor at high optical depth
As we increase the optical depth, the near-resonance FID frequency components get absorbed strongly. At α 0 L > 10, the transient wave patterns can be more precisely described in term of SB precursors. Figure 7 shows the measured optical precursors (black circle points) in the two-level system ( c = 0) with α 0 L = 30. The input weak square pulse, the same as Fig. 4(a) , is on resonance with ω p = 0. As expected, the main field is absorbed, and the rising and falling edges show no relative time delay to that through vacuum. The blue solid lines are numerical simulations of time-space master equations (2) and (4), identical to that from Eq. (17) using FFT, and match the experimental data very well. The asymptotic results of |Ẽ SB /E 0 | 2 are the red dashed lines and calculated from Eq. (22) convolving with a square function (t, t) to take into account the finite rise (fall) time t =7 ns [Appendix B]. Figure 8 shows optical precursors in the EIT system at the same optical depth with c = 4γ 13 . At the rising edge, the transient oscillatory sparks are optical precursors identical to that observed in the two-level system. The main field is delayed by about 200 ns and completely separated from the (2) and (4) with the input pulse the same as in Fig. 4(a) . The red dash lines, overlapping with the blue solid lines, are calculated with hybrid-asymptotic analysis by taking into account the finite rise and fall time of 7 ns.
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Transmission Time (ns) precursor. On top of the main field at about 500 ns, we observe an oscillation feature with a long time period of about 400 ns. This postcursor, described by a convolution with an Airy function in Eq. (23), was predicted by Macke and Segard recently [8] . At the falling edge, the oscillatory structure with a much higher peak (150%) and longer duration results from the interference between the precursor and main field. The theoretical numerical simulations from both master equations and FFT agree well with the hybrid-asymptotic analysis and experimental data.
In the preceding discussion we focused on the case of a on-resonance weak probe pulse ( ω p = 0). When the probe laser is detuned ( ω p = 0), the spectrum is not symmetric and it is difficult to obtain analytic solutions. For comparison, Fig. 9 shows optical transients at different probe detuning in both the two-level and the EIT systems. The theoretical curves are obtained numerically using FFT. As we increase the probe detuning, the carrier frequency moves away from the absorption lines and turns on quickly. At large detunings, both the two-level and the EIT systems give nearly identical results because the EIT transmission profile is similar to that of the two-level system at a large frequency detuning. 
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D. From FID to precursors
We have studied optical transients generated from a square probe pulse through cold atoms with either low or high optical depth. In the case of low optical depth (α 0 L ∼ 2), the FID onresonance field dominates the transient response. In the case of high optical depth (α 0 L ∼ 30), the on-absorption-resonance excitations are absorbed and the far-off-resonance spectral components contribute most to optical precursors. We now turn to study the evolution from FID to precursor as we increase optical depth. For this purpose, we look at the transient peaks following the falling edge of the weak on-resonance square pulse through the two-level system where the transient field is always separated from the main steady field.
The experimental data and theoretical curve are shown in Figs. 10 . To see the physics behind the curves, we need to understand the effect of finite rise and fall time of a real step pulse. In time domain, as shown in Eq. (26), it is a convolution of the ideal step pulse and a short square pulse with a length of t. In the frequency domain, the finite rise and fall time acts as a low-pass filter with a cut frequency proportional to 1/ t. At low optical depth, the transient peak increases as we increase optical depth because of many-atom collective enhancement, consistent with FID approximation. Moreover, the near-atomic resonance FID field has a narrow linewidth (γ 13 /π = 6 MHz) and thus is immune from the effect of finite rise and fall time. At high optical depth, in the form as optical precursors, the far-off-resonance frequency components contribute most due to their low absorption. When we increase the optical depth, the Sommerfeld and Brillouin saddle points move further away from the atomic resonance and closer to the filter cut frequency. As a result, the precursor peak transmission drops. In experiment, we measure the transient peak values with two different fall times. The shorter rise time of 3 ns is obtained using an electro-optical modulator. The 1-ns case is only a theoretical simulation. When the fall time becomes zero, the transmission peak saturates to unity as α 0 L > 5. Our theory and experiment show that, in Fig. 10 , the optical coherent transients excited by a resonant step pulse at low optical depth (α 0 L < 5) can be characterized as FID and those excited by a resonant step pulse at high optical depth (α 0 L > 5) as precursors.
IV. CONCLUSION
In this article, we study optical coherent transients using time-domain atom-field coupled equations and frequencydomain linear dispersion theory, accompanied with a systematic experimental investigation in a wide parameter space. We find that both FID and precursors, which have been considered as two different phenomena, can be unified within a single theoretical frame, and they share the same origin: coherent transient responses from a dispersive medium to the sudden change of the external driving field. When the probe pulse is weak, both time-and frequency-domain approaches give a precise description for both FID and optical precursors. In the time domain, FID reflects the evolution of on-resonance atomic excitations that cannot disappear immediately, even without the driving field. On the other side, an optical precursor is the propagation of the leading edge of the step pulse that travels at the speed of light in vacuum because the atoms have finite response time-they cannot respond to the leading edge immediately. In the frequency domain, FID comes from the excitations on atomic absorptive resonances with narrow linewidth and is strongly coupled to the atomic medium, while precursors are contributed from the far-off-resonance wide spectral components that are weakly coupled to the medium and belong to ultrafast phenomena. In general, both contribute to optical transients. At low optical depth, the FID on-resonance excitations dominate, while at high optical depth, precursors dominate because of the large on-resonance absorption. With our cold atom apparatus, we measure optical transients from both the two-level absorber and EIT three-level system with the optical depth ranging from 0 to 45.
At low optical depth, we obtain an approximate analytic expression for FID in the two-level system from both time-and frequency-domain approaches. We study FIDs with both onresonance and off-resonance external driving fields. We verify that FID excited by a weak field is indeed always on atomic resonance and decay with a time constant of 1/γ 13 . This weak excitation and evolution can be well described by the linear dispersion theory, and it is not a spontaneous emission [43] . Optical pumping and power saturation effects at high probe powers are observed. The theory agrees well with experiment.
At high optical depth, we derive analytic expression for precursor and main field using hybrid-asymptotic analysis for on-resonance input probe pulse. The precursors, identical for both the two-level and EIT systems, following the leading edges, travel with a speed close to c. The main field is absorbed in a two-level system, while it is delayed in the EIT system without loss. We observe oscillatory features at the falling edge in the EIT system with a peak transmission of about 150%, resulting from the interference between the precursor and the delayed main field. We have also studied optical precursors when the probe laser is off resonance.
By varying the optical depth from 0 to 45, we observe the evolution from FID to precursors. On the FID side (α 0 L < 5), the transient field amplitude increases as we increase optical depth due to the collective enhancement. On the precursor side (α 0 L > 5), the transient field amplitude decreases with increasing optical depth because of the finite rise and fall time. Observation of such an evolution provides a strong evidence for our unified theory and explanation. Researchers of both FID and precursors have contributed to the field, even though they have not referenced each others' work. We therefore notice that the optical transient in Toyoda's experiment with an optical depth of 9 was called an FID [33] , but can also be connected to precursors.
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APPENDIX A: DERIVATION OF FID AT LOW OPTICAL DEPTH
The FID field solution, given in Eq. (10), is valid for small optical depth because the absorption has been neglected. To take into account the loss and absorption in the two-level medium at a finite optical depth, here we consider the induced electric dipole from the FID field as a perturbation. The total induced electric dipole can be written as P (z, t) = P 0 (t) + P FID (z, t),
where the first term has been given in Eq. (8) . Because the FID field has a narrow linewidth of γ 13 . In our cold atom system with γ 13 = 2π × 3 MHz, this condition is always held. For example, taking a typical optical depth α 0 L = 1 and L = 1.5 cm, we estimate 
with the boundary condition E FID (z = 0, t) = 0. α 0 /2 is the on-resonance loss. The forward-wave Green function of the preceding equation is
Thus, the FID field at the medium output surface (z = L) can be obtained:
Instead of totally ignoring the medium absorption as Eq. (10), an absorption factor e −α 0 L/4 , with the average absorption length equivalent to L/2, is taken into account. At the low limit of α 0 L, Eq. (A4) can be approximated as E FID (L, t)/L iω p 2cε 0 P 0 (t).
APPENDIX B: OPTICAL PRECURSOR AND MAIN FIELD AT HIGH OPTICAL DEPTH
The spectrum of a step-on or step-off input pulse, E 0± (t) = E 0 (±t), is given by
At high optical depth, for far-off-resonance Sommerfeld and Brillouin saddle points, the EIT medium can be approximated as a two-level absorber. The two far-off-resonance saddle points can be obtained following dφ/dω = 0,
where ξ (t) = √ α 0 Lγ 13 /(2τ ), with τ = t − L/c. As τ → 0 or α 0 L → ∞, the saddle points move infinitely far away from resonance. Following the asymptotic analysis used in Refs. [7] [8] [9] 17] , one can obtain an analytical expression for the SB precursor [24] : 
This shows that at high optical depth, the optical precursor in an EIT system is nearly identical to that in a two-level system. To properly take into account the finite rise (fall) time t, we approximately treat the rising and falling edges as a linear sweep of the field amplitude. Then the effect of finite rise (fall) time can be simulated by convolving Eq. (B3) with a square function with a length of t:
Now we turn to the on-resonance main field. For the twolevel system, the main field is absorbed at high optical depth. For the EIT system, the delayed main field cannot be obtained using the same asymptotic method as for the precursor because
